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opinion formation in the scientific literature

▶ classic works in social science,

economics...

▶ simplistic models of

agent interactions
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Threshold Models of Collective Behavior1 

Mark Granovetter 
State University of New York at Stony Brook 

Models of collective behavior are developed for situations where 
actors have two alternatives and the costs and/or benefits of each 
depend on how many other actors choose which alternative. The key 
concept is that of "threshold": the number or proportion of others 
who must make one decision before a given actor does so; this is the 
point where net benefits begin to exceed net costs for that particular 
actor. Beginning with a frequency distribution of thresholds, the 
models allow calculation of the ultimate or "equilibrium" number 
making each decision. The stability of equilibrium results against 
various possible changes in threshold distributions is considered. 
Stress is placed on the importance of exact distributions for outcomes. 
Groups with similar average preferences may generate very different 
results; hence it is hazardous to infer individual dispositions from 
aggregate outcomes or to assume that behavior was directed by 
ultimately agreed-upon norms. Suggested applications are to riot 
behavior, innovation and rumor diffusion, strikes, voting, and migra- 
tion. Issues of measurement, falsification, and verification are dis- 
cussed. 

BACKGROUND AND DESCRIPTION OF THE MODELS 

Because sociological theory tends to explain behavior by institutionalized 
norms and values, the study of behavior inexplicable in this way occupies 
a peripheral position in systematic theory. Work in the subfields which 
embody this concern-deviance for individuals and collective behavior for 
groups-often consists of attempts to show what prevented the established 
patterns from exerting their usual sway. In the field of collective behavior, 
one such effort involves the assertion that new norms or beliefs "emerge" 

1 This report is heavily indebted to three co-workers. Christopher Winship is responsible 
for important aspects of the formalization, Douglas Danforth and Bob Phillips have 
carried out a large part of the mathematical analysis and computer programming. All have 
given valuable substantive help as well. Specific contributions are footnoted in the text. 
I have also benefited from the thoughtful comments of participants in seminars and col- 
loquia I have given at Harvard, Wesleyan, Columbia, Stanford, Stony Brook, UCLA, and 
Temple. The work has been done mainly in the stimulating atmosphere of the Center for 
Advanced Study in the Behavioral Sciences, where the criticisms of Robert Axelrod, Brian 
Barry, and Arthur Goldberger led to improvements. The center's support was made pos- 
sible in part by the Andrew Mellon Foundation and the National Science Foundation. 
Partial support for the research was provided by a sabbatical leave from Harvard Uni- 
versity and by National Science Foundation grant SOC 76-11185 to the author. 

? 1978 by The University of Chicago. 0002-9602/78/8306-0006$01.93 
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opinion formation research today

▶ renewed interest in opinion formation in various scientific domains

including computer science

why?

▶ availability of large-scale social network data

▶ applications:

– recommender systems,

– viral marketing,

– political campaigning...

▶ emerging social concerns:

– political polarization,

– teenage mental health...
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social interactions today
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overview

▶ the DeGroot and Friedkin–Johnsen (FJ) models (consensus)

– definition of the DeGroot and Friedkin-Johnsen (FJ) models

– properties

▶ other opinion formation models (disagreement & polarization)

– biased assimilation and bounded confidence

– geometric models

▶ algorithmic interventions for moderating opinions

– polarization and disagreement indices

– efficiently estimating user opinions and indices

– maximizing opinions / minimizing polarization and disagreement

– emergence of echo chambers
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the DeGroot and Friedkin–Johnsen (FJ) models
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models of opinion formation

▶ individuals’ opinions are influenced by their peers

▶ how to model the opinion-formation process in a social network?

▶ one way is to model influence as information cascades

– a discrete entity (action, meme, virus) propagates in a network

– cascade is modeled using the independent-cascade model

▶ opinion-formation models follow a continuous weighted-averaging process
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opinion formation by weighted averaging

▶ at each time step, each individual updates their opinion as a weighted average

of the opinions of their neighbors

▶ the process continues until convergence
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models of opinion formation

a basic model [DeGroot, 1974].

▶ we consider a weighted graph modeling a social network

▶ weight wij represents influence of node j on i (i trusts j)

▶ at time t, node i has opinion x
(t)
i , initally x

(0)
i ∈ [0, 1]

▶ node i updates their opinion by

x
(t+1)
i =

∑
j | (i ,j)∈E wijx

(t)
j∑

j | (i ,j)∈E wij

<latexit sha1_base64="6mGwPFHt+i9W+1AmWs3X/IjO6x4=">AAACIHicbVDLSsNAFJ3UR2t9tbp0EyyCq5KIqMuCG5cV7QPaUCaTm3TozCTMTMQS+glude/XuBOX+jVO2ixs64GBwzn3zr33+AmjSjvOt1Xa2NzaLld2qrt7+weHtfpRV8WpJNAhMYtl38cKGBXQ0VQz6CcSMPcZ9PzJbe73nkAqGotHPU3A4zgSNKQEayM9PI/oqNZwms4c9jpxC9JABdqjulUeBjFJOQhNGFZq4DqJ9jIsNSUMZtVhqiDBZIIjGBgqMAflZfNdZ/aZUQI7jKV5Qttz9W9HhrlSU+6bSo71WK16ufifN0h1eONlVCSpBkEWg8KU2Tq288PtgEogmk0NwURSs6tNxlhiok08Sz/lshG9LB8SgKKRWDoq42MyBj6rmujc1aDWSfei6V41L+8vG612EWIFnaBTdI5cdI1a6A61UQcRFKEX9IrerHfrw/q0vhalJavoOUZLsH5+AQRbo1k=</latexit>xi

<latexit sha1_base64="KOHXy9STP58wcCEVwStovfNIwlg=">AAACIHicbVDLTsJAFJ3iA8QX6NJNIzFxRVpD1CWJG5cY5ZFAQ6bTWxiZmTYzUyNp+AS3uvdr3BmX+jVOoQsBTzLJyTn3zr33+DGjSjvOt1XY2NzaLpZ2yrt7+weHlepRR0WJJNAmEYtkz8cKGBXQ1lQz6MUSMPcZdP3JTeZ3n0AqGokHPY3B43gkaEgJ1ka6fx4+Dis1p+7MYa8TNyc1lKM1rFrFQRCRhIPQhGGl+q4Tay/FUlPCYFYeJApiTCZ4BH1DBeagvHS+68w+M0pgh5E0T2h7rv7tSDFXasp9U8mxHqtVLxP/8/qJDq+9lIo40SDIYlCYMFtHdna4HVAJRLOpIZhIana1yRhLTLSJZ+mnTDail2ZDAlB0JJaOSvmYjIHPyiY6dzWoddK5qLuX9cZdo9Zs5SGW0Ak6RefIRVeoiW5RC7URQSP0gl7Rm/VufVif1teitGDlPcdoCdbPLwYVo1o=</latexit>x j<latexit sha1_base64="XeaydNOCv7TTI/Bp4aCYChd3gBA=">AAACI3icbVDLTsJAFJ3iA8QX6NJNIzFxRVpD1CWJG5eYyCOBhkyntzAwM21mphrS8A9ude/XuDNuXPgvTqELAU8yyck598699/gxo0o7zrdV2Nre2S2W9sr7B4dHx5XqSUdFiSTQJhGLZM/HChgV0NZUM+jFEjD3GXT96V3md59AKhqJRz2LweN4JGhICdZG6jwPUzqZDys1p+4sYG8SNyc1lKM1rFrFQRCRhIPQhGGl+q4Tay/FUlPCYF4eJApiTKZ4BH1DBeagvHSx7ty+MEpgh5E0T2h7of7tSDFXasZ9U8mxHqt1LxP/8/qJDm+9lIo40SDIclCYMFtHdna7HVAJRLOZIZhIana1yRhLTLRJaOWnTDail2ZDAlB0JFaOSvmYjIHPyyY6dz2oTdK5qrvX9cZDo9Zs5SGW0Bk6R5fIRTeoie5RC7URQRP0gl7Rm/VufVif1teytGDlPadoBdbPL9qApNg=</latexit>wi j

what do you expect to happen?

▶ under certain conditions all nodes converge to having the same opinion
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models of opinion formation

a basic model [DeGroot, 1974].

▶ we consider a weighted graph modeling a social network

▶ weight wij represents influence of node j on i (i trusts j)

▶ at time t, node i has opinion x
(t)
i , initally x

(0)
i ∈ [0, 1]

▶ node i updates their opinion by
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i =

∑
j | (i ,j)∈E wijx

(t)
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j | (i ,j)∈E wij
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what do you expect to happen?

▶ under certain conditions all nodes converge to having the same opinion
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models of opinion formation

a basic model [DeGroot, 1974].

▶ we consider a weighted graph modeling a social network

▶ weight wij represents influence of node j on i (i trusts j)

▶ at time t, node i has opinion x
(t)
i , initally x

(0)
i ∈ [0, 1]

▶ node i updates their opinion by

x
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i =
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what do you expect to happen?

▶ under certain conditions all nodes converge to having the same opinion
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the properties of the DeGroot model

DeGroot example

x
(t+1)
i =

∑
j | (i ,j)∈E wijx

(t)
j∑

j | (i ,j)∈E wij

0 0

0

0

1
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the properties of the DeGroot model

DeGroot example

x
(t+1)
i =

∑
j | (i ,j)∈E wijx

(t)
j∑

j | (i ,j)∈E wij

0.167 0.167

0.167

0.167

0.167
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the properties of the DeGroot model

do the opinions of all nodes contribute to the final (common) opinion?

1 0
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the properties of the DeGroot model

do the opinions of all nodes contribute to the final (common) opinion?

0 0
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the properties of the DeGroot model

furthermore, convergence is not guaranteed!

1 0

some intuition on convergence:

recall: node i updates their opinion by x
(t+1)
i =

∑
j | (i ,j)∈E wijx

(t)
j where

∑
j wij = 1

define matrix W so that Wij = wij ; then

▶ x(t+1) = W x(t)

▶ W is row stochastic
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the properties of the DeGroot model

furthermore, convergence is not guaranteed!

0 1

some intuition on convergence:

recall: node i updates their opinion by x
(t+1)
i =

∑
j | (i ,j)∈E wijx

(t)
j where

∑
j wij = 1

define matrix W so that Wij = wij ; then

▶ x(t+1) = W x(t)

▶ W is row stochastic
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the properties of the DeGroot model

furthermore, convergence is not guaranteed!

1 0

some intuition on convergence:

recall: node i updates their opinion by x
(t+1)
i =

∑
j | (i ,j)∈E wijx

(t)
j where

∑
j wij = 1

define matrix W so that Wij = wij ; then

▶ x(t+1) = W x(t)

▶ W is row stochastic



19

the properties of the DeGroot model
convergence

lemma

let G be strongly connected; then the DeGroot process converges if and only if

G is aperiodic

a graph is aperiodic if the maximum common divisor of the length of its cycles is 1

our graph from before:
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the properties of the DeGroot model
convergence

lemma

let G be strongly connected; then the DeGroot process converges if and only if

G is aperiodic

a graph is aperiodic if the maximum common divisor of the length of its cycles is 1

our graph from before:



21

the properties of the DeGroot model
convergence

lemma

let G be strongly connected; then the DeGroot process converges if and only if

G is aperiodic

a graph is aperiodic if the maximum common divisor of the length of its cycles is 1

our graph from before:

0 0.200

0.200

0

0.200
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the properties of the DeGroot model
convergence

lemma

let G be strongly connected; then the DeGroot process converges if and only if

G is aperiodic

a graph is aperiodic if the maximum common divisor of the length of its cycles is 1

our graph from before:

0.200 0

0

0.200

0
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the properties of the DeGroot model
convergence

lemma

let G be strongly connected; then the DeGroot process converges if and only if

G is aperiodic

a graph is aperiodic if the maximum common divisor of the length of its cycles is 1

our graph from before:

0 0.200

0.200

0

0.200
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the properties of the DeGroot model
convergence

lemma

let G be strongly connected; then the DeGroot process converges if and only if

G is aperiodic

it is easy to fix oscillations: a loop will do
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the properties of the DeGroot model
convergence

lemma

let G be strongly connected; then the DeGroot process converges if and only if

G is aperiodic

it is easy to fix oscillations: a loop will do

0 0

0

0

1
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the properties of the DeGroot model
convergence

lemma

let G be strongly connected; then the DeGroot process converges if and only if

G is aperiodic

it is easy to fix oscillations: a loop will do

0.182 0.182

0.182

0.182

0.182
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the properties of the DeGroot model
convergence

let G be convergent; what is the consensus value? [Golub and Jackson, 2010]

suppose there is a vector v of agent influence, i.e.,(
lim
t→∞

W tx(0)
)
j
= vTx(0) for all j

since limt→∞W tx(0) = limt→∞W t(W x(0)),

then vTW x(0) = vTx(0) and so vTW = vT (under mild assumptions)

in other words, the consensus opinion is vTx(0),

where v is a left-eigenvector of W with eigenvalue 1
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the Friedkin-Johnsen model

[Friedkin and Johnsen, 1990]
general model of opinion formation

▶ z(1) = X (1)s(1)

▶ z(t+1) = α(t)W z(t) + β(t)X (t)s(t)

common setting:

▶ z(t+1) = W z(t) + s

but now ∥W ∥ < 1

thus, node i updates its expressed opinion by

z
(t+1)
i =

si +
∑

j | (i ,j)∈E wijz
(t)
j

1 +
∑

j | (i ,j)∈E wij

s stays fixed: innate opinions

z changes: expressed opinion
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the Friedkin-Johnsen model
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the Friedkin-Johnsen model
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the Friedkin-Johnsen model
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the Friedkin-Johnsen model

what does this variant of FJ converge to? [Friedkin and Johnsen, 1990]

recall

▶ z(t+1) = W z(t) + s

so

▶ z(1) = W z(0) + s

▶ z(2) = W z(2) + s = W (W z(0) + s) + s = W 2z(0) +W s+ s = W 2z(0) + (W + I )s

▶ z(3) = W 3z(0) + (W 2 +W + I )s

therefore,

z(t+1) = W tz+ (W t−1 +W t−2 + · · ·+W 2 +W + I )s

since ∥W ∥ < 1, zt
t→∞−→ (I −W )−1s



33

the Friedkin-Johnsen model

what does this variant of FJ converge to? [Friedkin and Johnsen, 1990]

recall

▶ z(t+1) = W z(t) + s

so

▶ z(1) = W z(0) + s

▶ z(2) = W z(2) + s = W (W z(0) + s) + s = W 2z(0) +W s+ s = W 2z(0) + (W + I )s

▶ z(3) = W 3z(0) + (W 2 +W + I )s

therefore,

z(t+1) = W tz+ (W t−1 +W t−2 + · · ·+W 2 +W + I )s

since ∥W ∥ < 1, zt
t→∞−→ (I −W )−1s



34

the Friedkin-Johnsen model

what does this variant of FJ converge to? [Friedkin and Johnsen, 1990]

recall

▶ z(t+1) = W z(t) + s

so

▶ z(1) = W z(0) + s

▶ z(2) = W z(2) + s = W (W z(0) + s) + s = W 2z(0) +W s+ s = W 2z(0) + (W + I )s

▶ z(3) = W 3z(0) + (W 2 +W + I )s

therefore,

z(t+1) = W tz+ (W t−1 +W t−2 + · · ·+W 2 +W + I )s

since ∥W ∥ < 1, zt
t→∞−→ (I −W )−1s



35

the Friedkin-Johnsen model

what does this variant of FJ converge to? [Friedkin and Johnsen, 1990]

recall

▶ z(t+1) = W z(t) + s

so

▶ z(1) = W z(0) + s

▶ z(2) = W z(2) + s = W (W z(0) + s) + s = W 2z(0) +W s+ s = W 2z(0) + (W + I )s

▶ z(3) = W 3z(0) + (W 2 +W + I )s

therefore,

z(t+1) = W tz+ (W t−1 +W t−2 + · · ·+W 2 +W + I )s

since ∥W ∥ < 1, zt
t→∞−→ (I −W )−1s



36

the Friedkin-Johnsen model

what does this variant of FJ converge to? [Friedkin and Johnsen, 1990]
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the Friedkin-Johnsen model
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the Friedkin-Johnsen model
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the Friedkin-Johnsen model
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other opinion formation models
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the bounded-confidence model

[Deffuant et al., 2000, Krause, 2000]

▶ individuals only interact and update their opinions if the difference between their

existing opinions is smaller than a threshold ϵ

▶ this threshold models “openness to discussion”

▶ larger ϵ produce consensus, while smaller ϵ produce polarized opinions

▶ the model can be thought as a form

of selective exposure

▶ result: for certain values of ϵ

the bounded-confidence model can lead

to polarization

0.25 0.4

0.3

0.65
ϵ = 0.2
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the bounded-confidence model

[Deffuant et al., 2000, Krause, 2000]

▶ individuals only interact and update their opinions if the difference between their

existing opinions is smaller than a threshold ϵ

▶ this threshold models “openness to discussion”

▶ larger ϵ produce consensus, while smaller ϵ produce polarized opinions

▶ the model can be thought as a form

of selective exposure

▶ result: for certain values of ϵ

the bounded-confidence model can lead

to polarization

0.317 0.317

0.317

0.65
ϵ = 0.2
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the bounded-confidence model

▶ when does this model reach consensus? [Krause, 2000]

▶ define I (i , x) = {j : |xi − xj | ≤ ϵ}.

▶ sufficient cond. for consensus: I (i , x(t)) ∩ I (j , x(t)) ̸= ∅ for all i , j , all t ≥ t0 for some t0

0.25 0.4

0.3

0.65

0.25 0.4

0.3

0.6ϵ = 0.21
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the bounded-confidence model

▶ when does this model reach consensus? [Krause, 2000]

▶ define I (i , x) = {j : |xi − xj | ≤ ϵ}.

▶ sufficient cond. for consensus: I (i , x(t)) ∩ I (j , x(t)) ̸= ∅ for all i , j , all t ≥ t0 for some t0

0.317 0.317

0.317

0.65

0.362 0.362

0.362

0.362ϵ = 0.21
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the bounded-confidence model — simulation results
[Hegselmann et al., 2002]

Bounded confidence 

 10

Figure 2 shows only single runs. To get a better feeling of what is going on we run systematically 
simulations walking along the diagonal. The simulations start with 0.01l r! !! ! , 0.02l r! !! ! , 
…, 0.4l r! !! ! . (For reasons that become obvious below, there is nothing new and interesting in 
the parameter space for , 0.4l r! ! ! .) For each of these 40 steps we repeat the simulation 50 times, 
always starting with a different random start distribution. Each run is continued until the dynamics 
becomes stable. Figure 3 gives an overview. 

 

 

(a) 0.01l r! !! !  

 

(b) 0.15l r! !! !  

 

(c) 0.25l r! !! !  

Figure 2: Stops while walking along the diagonal  

ε=0.02	

ε=0.3	

ε=0.5	

53	
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the biased-assimilation model

[Lord et al., 1979]

biased assimilation:

people who hold strong opinions on complex social issues are likely to examine relevant empirical

evidence in a biased manner. they are apt to accept “confirming” evidence at face value while

subjecting “dis-confirming” evidence to critical evaluation, and as a result to draw undue support for

their initial positions from mixed or random empirical findings.
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the biased-assimilation model

[Dandekar et al., 2013]

▶ modify degroot’s model to explicitly incorporate biased assimilation

▶ homophily not enough for polarization

▶ update opinion xi ∈ [0, 1] of node i after interacting with neighbors

xi ←
wiixi + xβi si

wii + xβi si + (di − xi )β(1− si )

where, si is the average opinion of the neighbors of i , di is the weighted degree of i ,

and β is a bias parameter

▶ model becomes equivalent to the degroot model for β = 0

▶ result: for β > 1, the biased-assimilation model is polarizing
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the biased-assimilation model
a single agent in a fixed environment:

x ← wx + xβs

w + xβs + (1− x)β(1− s)
.

x = 0.100 s = 0.5

w = 0, β = 0.1

w = 0, β = 0.9

w = 0, β = 5

w = 0, β = 2

w = 0, β = 2

w = 0, β = 2
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the biased-assimilation model
a single agent in a fixed environment:

x ← wx + xβs

w + xβs + (1− x)β(1− s)
.

x = 0.500 s = 0.5

w = 0, β = 0.1

w = 0, β = 0.9

w = 0, β = 5

w = 0, β = 2

w = 0, β = 2

w = 0, β = 2
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the biased-assimilation model
a single agent in a fixed environment:

x ← wx + xβs

w + xβs + (1− x)β(1− s)
.

x = 0.500 s = 0.5

w = 0, β = 0.1

x = 0.1 s = 0.5

w = 0, β = 0.9

w = 0, β = 5

w = 0, β = 2

w = 0, β = 2

w = 0, β = 2



51

the biased-assimilation model
a single agent in a fixed environment:

x ← wx + xβs

w + xβs + (1− x)β(1− s)
.

x = 0.500 s = 0.5

w = 0, β = 0.1

x = 0.500 s = 0.5

w = 0, β = 0.9

w = 0, β = 5

w = 0, β = 2

w = 0, β = 2

w = 0, β = 2
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the biased-assimilation model
a single agent in a fixed environment:

x ← wx + xβs

w + xβs + (1− x)β(1− s)
.

x = 0.500 s = 0.5

w = 0, β = 0.1

x = 0.500 s = 0.5

w = 0, β = 0.9

x = 0.49 s = 0.5

w = 0, β = 5

w = 0, β = 2

w = 0, β = 2

w = 0, β = 2
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the biased-assimilation model
a single agent in a fixed environment:

x ← wx + xβs

w + xβs + (1− x)β(1− s)
.

x = 0.500 s = 0.5

w = 0, β = 0.1

x = 0.500 s = 0.5

w = 0, β = 0.9

x = 0.000 s = 0.5

w = 0, β = 5

w = 0, β = 2

w = 0, β = 2

w = 0, β = 2
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the biased-assimilation model
a single agent in a fixed environment:

x ← wx + xβs

w + xβs + (1− x)β(1− s)
.

x = 0.500 s = 0.5

w = 0, β = 0.1

x = 0.500 s = 0.5

w = 0, β = 0.9

x = 0.000 s = 0.5

w = 0, β = 5

x = 0.900 s = 0.1

w = 0, β = 2

w = 0, β = 2

w = 0, β = 2
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the biased-assimilation model
a single agent in a fixed environment:

x ← wx + xβs

w + xβs + (1− x)β(1− s)
.

x = 0.500 s = 0.5

w = 0, β = 0.1

x = 0.500 s = 0.5

w = 0, β = 0.9

x = 0.000 s = 0.5

w = 0, β = 5

x = 0.900 s = 0.1

w = 0, β = 2

w = 0, β = 2

w = 0, β = 2
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the biased-assimilation model
a single agent in a fixed environment:

x ← wx + xβs

w + xβs + (1− x)β(1− s)
.

x = 0.500 s = 0.5

w = 0, β = 0.1

x = 0.500 s = 0.5

w = 0, β = 0.9

x = 0.000 s = 0.5

w = 0, β = 5

x = 0.900 s = 0.1

w = 0, β = 2

x = 0.91 s = 0.1

w = 0, β = 2

w = 0, β = 2
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the biased-assimilation model
a single agent in a fixed environment:

x ← wx + xβs

w + xβs + (1− x)β(1− s)
.

x = 0.500 s = 0.5

w = 0, β = 0.1

x = 0.500 s = 0.5

w = 0, β = 0.9

x = 0.000 s = 0.5

w = 0, β = 5

x = 0.900 s = 0.1

w = 0, β = 2

x = 1.000 s = 0.1

w = 0, β = 2

w = 0, β = 2
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the biased-assimilation model
a single agent in a fixed environment:

x ← wx + xβs

w + xβs + (1− x)β(1− s)
.

x = 0.500 s = 0.5

w = 0, β = 0.1

x = 0.500 s = 0.5

w = 0, β = 0.9

x = 0.000 s = 0.5

w = 0, β = 5

x = 0.900 s = 0.1

w = 0, β = 2

x = 1.000 s = 0.1

w = 0, β = 2

x = 0.89 s = 0.1
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the biased-assimilation model
a single agent in a fixed environment:

x ← wx + xβs

w + xβs + (1− x)β(1− s)
.

x = 0.500 s = 0.5

w = 0, β = 0.1

x = 0.500 s = 0.5

w = 0, β = 0.9

x = 0.000 s = 0.5

w = 0, β = 5

x = 0.900 s = 0.1

w = 0, β = 2

x = 1.000 s = 0.1

w = 0, β = 2

x = 0.000 s = 0.1

w = 0, β = 2
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beyond neighbour averaging

[Hazla et al., 2019]

population of agents with unit-length opinions in Rd .

intervention v on agent with opinion u:

u :=
u+ ⟨u, v⟩v
∥u+ ⟨u, v⟩v∥

.

interesting quirk: v and −v have the same effect.
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beyond neighbour averaging

[Hazla et al., 2019]

example: 500 agents ui sampled uniformly from the sphere ui ,4 = 0 in R4, with ∥ui∥ = 1

that is, u
(1)
i = (ui ,1, ui ,2, ui ,3, 0)

intervention:

v = (β, 0, 0, α), where α =
3

4
, β =

√
1− α2

u
(1)
i + ⟨u(1)i , v⟩v = ((1 + β)ui ,1, ui ,2, ui ,3, αβui ,1)

opinion on new product is represented by 4th coordinate, which is initially 0 for all agents

agents form opinion with respect to 4th coordinate

in addition, agents get polarized with respect to the 3 first coordinates
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beyond neighbour averaging

[Hazla et al., 2019]

t = 1 t = 2
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beyond neighbour averaging

[Hazla et al., 2019]

t = 3 t = 4
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beyond neighbour averaging

[Hazla et al., 2019]

t = 5 t = 6
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recap

▶ the DeGroot and Friedkin–Johnsen (FJ) models

– convergence

– consensus

▶ other opinion formation models

– bounded confidence (ϵ-threshold for updates)

– biased assimilation (DeGroot with reweighted updates, favoring similar opinions)

– geometric model (opinions in Rn)
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properties of the Friedkin–Johnsen (FJ) model
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Friedkin–Johnsen (FJ) model: brief reminder

▶ network given by a graph G = (V ,E ,w)

▶ each user i has an innate opinion si and an expressed opinion zi

▶ model proceeds in rounds, with the following updating rule for expressed opinions:

z
(t+1)
i =

si +
∑

j | (i ,j)∈E wijz
(t)
j

1 +
∑

j | (i ,j)∈E wij

▶ equilibrium expressed opinions are given by z∗ = limt→∞ z(t) = (I + L)−1s

where L is a Laplacian matrix associated with the social network
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property of the expressed opinions

▶ other justifications for the update rule of expressed opinions?

z
(t+1)
i =

si +
∑

j | (i ,j)∈E wijz
(t)
j

1 +
∑

j | (i ,j)∈E wij

▶ for user i , consider the cost function

(z
(t)
i − si )

2 +
∑

j | (i ,j)∈E

wij(z
(t)
i − z

(t)
j )2

– first term corresponds to conflict between internal and expressed opinion

– second term corresponds to i ’s conflict with their neighbors

▶ if user i sets z
(t+1)
i to minimize this cost function,

the choice of z
(t+1)
i is the same as in the update rule above
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property of the expressed opinions

▶ other justifications for the update rule of expressed opinions?

z
(t+1)
i =

si +
∑

j | (i ,j)∈E wijz
(t)
j

1 +
∑

j | (i ,j)∈E wij

▶ for user i , consider the cost function

(z
(t)
i − si )

2 +
∑

j | (i ,j)∈E

wij(z
(t)
i − z

(t)
j )2

– first term corresponds to conflict between internal and expressed opinion

– second term corresponds to i ’s conflict with their neighbors

▶ if user i sets z
(t+1)
i to minimize this cost function,

the choice of z
(t+1)
i is the same as in the update rule above
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property of the expressed opinions

▶ other justifications for the update rule of expressed opinions?

z
(t+1)
i =

si +
∑

j | (i ,j)∈E wijz
(t)
j

1 +
∑

j | (i ,j)∈E wij

▶ for user i , consider the cost function

(z
(t)
i − si )

2 +
∑

j | (i ,j)∈E

wij(z
(t)
i − z

(t)
j )2

– first term corresponds to conflict between internal and expressed opinion

– second term corresponds to i ’s conflict with their neighbors

▶ if user i sets z
(t+1)
i to minimize this cost function,

the choice of z
(t+1)
i is the same as in the update rule above
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the price of anarchy in opinion formation

▶ how bad is forming your own opinion? [Bindel et al., 2015]

▶ in the FJ model, each node is independently minimizing their own cost

ci (zi ) = (zi − si )
2 +

∑
j | (i ,j)∈E

wij(zi − zj)
2

this results to a Nash equilibrium

▶ what instead if we ask to optimize the social cost

c(y) =
∑
i∈V

ci (yi )

▶ theorem ([Bindel et al., 2015])

price of anarchy (ratio of costs) is at most 9/8 for any undirected graph G

⇒ this result is for undirected networks;

for directed networks the price of anarchy can be much higher
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the price of anarchy in opinion formation

▶ how bad is forming your own opinion? [Bindel et al., 2015]
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the price of anarchy in opinion formation

▶ how bad is forming your own opinion? [Bindel et al., 2015]

▶ in the FJ model, each node is independently minimizing their own cost

ci (zi ) = (zi − si )
2 +

∑
j | (i ,j)∈E

wij(zi − zj)
2

this results to a Nash equilibrium

▶ what instead if we ask to optimize the social cost
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⇒ this result is for undirected networks;
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the price of anarchy in opinion formation — example [Bindel et al., 2015]

<latexit sha1_base64="NUH/P/eP8nvLxjxM/SVU1W1Yd10="></latexit>

Nash cost= 3 ⇤ 2 ⇤ (1/4)2 = 3/8

<latexit sha1_base64="FTwHWqnSI4UjstigWVu6rch0kdQ=">AAACNnicbVDLSgMxFM34tr6qLly4CRbBVZkRUZeCIK5EwVahHUomve0Ek8yY3BHLMF/jVvf+iht34tZPMNN2YdUDgcM595F7olQKi77/5k1Nz8zOzS8sVpaWV1bXqusbTZtkhkODJzIxtxGzIIWGBgqUcJsaYCqScBPdnZb+zQMYKxJ9jYMUQsX6WvQEZ+ikTnWrjfCI+QWzMYX7TEgRGZGpolOt+XV/CPqXBGNSI2Ncdta9+XY34ZkCjVwya1uBn2KYM4OCSygq7cxCyvgd60PLUc0U2DAfXlDQXad0aS8x7mmkQ/VnR86UtQMVuUrFMLa/vVL8z2tl2DsOc6HTDEHz0aJeJikmtIyDdoUBjnLgCONGuL9SHjPDOLrQJiaVshPDvFzSBSv6euKoXMU8BlVUXHTB76D+kuZ+PTisH1wd1E7OxiEukG2yQ/ZIQI7ICTknl6RBOCnIE3kmL96r9+59eJ+j0ilv3LNJJuB9fQPoUqxz</latexit>

Nash equilibrium
<latexit sha1_base64="Y0av4zn19aZBmDEur26lueeRpcg=">AAACNHicbVDLSgMxFM34rPXVKq7cBIvgqsxIUZeCIC4VrQrtUDLpbRvMY0juiGXox7jVvf8iuBO3foOZ2oVVDwQO59xXTpJK4TAMX4OZ2bn5hcXSUnl5ZXVtvVLduHYmsxya3EhjbxPmQAoNTRQo4Ta1wFQi4Sa5Oyn8m3uwThh9hcMUYsX6WvQEZ+ilTmWrjfCA+aXhgklqUhSKyVGnUgvr4Rj0L4kmpEYmOO9Ug8V21/BMgUYumXOtKEwxzplFwSWMyu3MQcr4HetDy1PNFLg4H98/orte6dKesf5ppGP1Z0fOlHNDlfhKxXDgfnuF+J/XyrB3FOdCpxmC5t+LepmkaGgRBu0KCxzl0BPGrfC3Uj5glnH0kU1NKmQvxnmxpAtO9PXUp3I14ANQo7KPLvod1F9yvV+PDuqNi0bt+HQSYolskx2yRyJySI7JGTknTcJJTh7JE3kOXoK34D34+C6dCSY9m2QKwecXCEirfg==</latexit>

Social optimal

<latexit sha1_base64="2jyiH8rHK+mntkMzq7UC5SlxnO0=">AAACHnicbVDLSsNAFJ3UR2t9tbp0EyyCq5KIqMuCIC5bsA9oQ5lMbpqhM5MwMxFK6Be41b1f407c6t84abOwrQcGDufcO/fe4yeMKu04P1Zpa3tnt1zZq+4fHB4d1+onPRWnkkCXxCyWAx8rYFRAV1PNYJBIwNxn0Pen97nffwapaCye9CwBj+OJoCElWBup44xrDafpLGBvErcgDVSgPa5b5VEQk5SD0IRhpYauk2gvw1JTwmBeHaUKEkymeAJDQwXmoLxssencvjBKYIexNE9oe6H+7cgwV2rGfVPJsY7UupeL/3nDVId3XkZFkmoQZDkoTJmtYzs/2w6oBKLZzBBMJDW72iTCEhNtwln5KZeN6GX5kAAUnYiVozIekQj4vGqic9eD2iS9q6Z707zuXDdaD0WIFXSGztElctEtaqFH1EZdRBCgF/SK3qx368P6tL6WpSWr6DlFK7C+fwHgB6Ir</latexit>

0
<latexit sha1_base64="xWIyZpOQz5mdlEGVWAkKQTpyDz0=">AAACIHicbVDLSsNAFJ34aq2vVpdugkVwVZNS1GVBEJcV7QPaUCaTm3bozCTMTIQS+glude/XuBOX+jVO2ixs64GBwzn3zr33+DGjSjvOt7WxubW9Uyjulvb2Dw6PypXjjooSSaBNIhbJno8VMCqgralm0IslYO4z6PqT28zvPoNUNBJPehqDx/FI0JASrI306F7Wh+WqU3PmsNeJm5MqytEaVqzCIIhIwkFowrBSfdeJtZdiqSlhMCsNEgUxJhM8gr6hAnNQXjrfdWafGyWww0iaJ7Q9V/92pJgrNeW+qeRYj9Wql4n/ef1EhzdeSkWcaBBkMShMmK0jOzvcDqgEotnUEEwkNbvaZIwlJtrEs/RTJhvRS7MhASg6EktHpXxMxsBnJROduxrUOunUa+5VrfHQqDbv8hCL6BSdoQvkomvURPeohdqIoBF6Qa/ozXq3PqxP62tRumHlPSdoCdbPL9QRoqE=</latexit>

1/2
<latexit sha1_base64="Uha0sFO+O9oArz6IkcAd9ysoeYk=">AAACHnicbVDLSsNAFJ3UR2t9tbp0EyyCq5KIqMuCIC5bsA9oQ5lMbpqhM5MwMxFK6Be41b1f407c6t84abOwrQcGDufcO/fe4yeMKu04P1Zpa3tnt1zZq+4fHB4d1+onPRWnkkCXxCyWAx8rYFRAV1PNYJBIwNxn0Pen97nffwapaCye9CwBj+OJoCElWBup445rDafpLGBvErcgDVSgPa5b5VEQk5SD0IRhpYauk2gvw1JTwmBeHaUKEkymeAJDQwXmoLxssencvjBKYIexNE9oe6H+7cgwV2rGfVPJsY7UupeL/3nDVId3XkZFkmoQZDkoTJmtYzs/2w6oBKLZzBBMJDW72iTCEhNtwln5KZeN6GX5kAAUnYiVozIekQj4vGqic9eD2iS9q6Z707zuXDdaD0WIFXSGztElctEtaqFH1EZdRBCgF/SK3qx368P6tL6WpSWr6DlFK7C+fwHhwaIs</latexit>

1

<latexit sha1_base64="2jyiH8rHK+mntkMzq7UC5SlxnO0=">AAACHnicbVDLSsNAFJ3UR2t9tbp0EyyCq5KIqMuCIC5bsA9oQ5lMbpqhM5MwMxFK6Be41b1f407c6t84abOwrQcGDufcO/fe4yeMKu04P1Zpa3tnt1zZq+4fHB4d1+onPRWnkkCXxCyWAx8rYFRAV1PNYJBIwNxn0Pen97nffwapaCye9CwBj+OJoCElWBup44xrDafpLGBvErcgDVSgPa5b5VEQk5SD0IRhpYauk2gvw1JTwmBeHaUKEkymeAJDQwXmoLxssencvjBKYIexNE9oe6H+7cgwV2rGfVPJsY7UupeL/3nDVId3XkZFkmoQZDkoTJmtYzs/2w6oBKLZzBBMJDW72iTCEhNtwln5KZeN6GX5kAAUnYiVozIekQj4vGqic9eD2iS9q6Z707zuXDdaD0WIFXSGztElctEtaqFH1EZdRBCgF/SK3qx368P6tL6WpSWr6DlFK7C+fwHgB6Ir</latexit>

0

<latexit sha1_base64="2jyiH8rHK+mntkMzq7UC5SlxnO0=">AAACHnicbVDLSsNAFJ3UR2t9tbp0EyyCq5KIqMuCIC5bsA9oQ5lMbpqhM5MwMxFK6Be41b1f407c6t84abOwrQcGDufcO/fe4yeMKu04P1Zpa3tnt1zZq+4fHB4d1+onPRWnkkCXxCyWAx8rYFRAV1PNYJBIwNxn0Pen97nffwapaCye9CwBj+OJoCElWBup44xrDafpLGBvErcgDVSgPa5b5VEQk5SD0IRhpYauk2gvw1JTwmBeHaUKEkymeAJDQwXmoLxssencvjBKYIexNE9oe6H+7cgwV2rGfVPJsY7UupeL/3nDVId3XkZFkmoQZDkoTJmtYzs/2w6oBKLZzBBMJDW72iTCEhNtwln5KZeN6GX5kAAUnYiVozIekQj4vGqic9eD2iS9q6Z707zuXDdaD0WIFXSGztElctEtaqFH1EZdRBCgF/SK3qx368P6tL6WpSWr6DlFK7C+fwHgB6Ir</latexit>

0
<latexit sha1_base64="xWIyZpOQz5mdlEGVWAkKQTpyDz0=">AAACIHicbVDLSsNAFJ34aq2vVpdugkVwVZNS1GVBEJcV7QPaUCaTm3bozCTMTIQS+glude/XuBOX+jVO2ixs64GBwzn3zr33+DGjSjvOt7WxubW9Uyjulvb2Dw6PypXjjooSSaBNIhbJno8VMCqgralm0IslYO4z6PqT28zvPoNUNBJPehqDx/FI0JASrI306F7Wh+WqU3PmsNeJm5MqytEaVqzCIIhIwkFowrBSfdeJtZdiqSlhMCsNEgUxJhM8gr6hAnNQXjrfdWafGyWww0iaJ7Q9V/92pJgrNeW+qeRYj9Wql4n/ef1EhzdeSkWcaBBkMShMmK0jOzvcDqgEotnUEEwkNbvaZIwlJtrEs/RTJhvRS7MhASg6EktHpXxMxsBnJROduxrUOunUa+5VrfHQqDbv8hCL6BSdoQvkomvURPeohdqIoBF6Qa/ozXq3PqxP62tRumHlPSdoCdbPL9QRoqE=</latexit>

1/2

<latexit sha1_base64="xWIyZpOQz5mdlEGVWAkKQTpyDz0=">AAACIHicbVDLSsNAFJ34aq2vVpdugkVwVZNS1GVBEJcV7QPaUCaTm3bozCTMTIQS+glude/XuBOX+jVO2ixs64GBwzn3zr33+DGjSjvOt7WxubW9Uyjulvb2Dw6PypXjjooSSaBNIhbJno8VMCqgralm0IslYO4z6PqT28zvPoNUNBJPehqDx/FI0JASrI306F7Wh+WqU3PmsNeJm5MqytEaVqzCIIhIwkFowrBSfdeJtZdiqSlhMCsNEgUxJhM8gr6hAnNQXjrfdWafGyWww0iaJ7Q9V/92pJgrNeW+qeRYj9Wql4n/ef1EhzdeSkWcaBBkMShMmK0jOzvcDqgEotnUEEwkNbvaZIwlJtrEs/RTJhvRS7MhASg6EktHpXxMxsBnJROduxrUOunUa+5VrfHQqDbv8hCL6BSdoQvkomvURPeohdqIoBF6Qa/ozXq3PqxP62tRumHlPSdoCdbPL9QRoqE=</latexit>

1/2

<latexit sha1_base64="Uha0sFO+O9oArz6IkcAd9ysoeYk=">AAACHnicbVDLSsNAFJ3UR2t9tbp0EyyCq5KIqMuCIC5bsA9oQ5lMbpqhM5MwMxFK6Be41b1f407c6t84abOwrQcGDufcO/fe4yeMKu04P1Zpa3tnt1zZq+4fHB4d1+onPRWnkkCXxCyWAx8rYFRAV1PNYJBIwNxn0Pen97nffwapaCye9CwBj+OJoCElWBup445rDafpLGBvErcgDVSgPa5b5VEQk5SD0IRhpYauk2gvw1JTwmBeHaUKEkymeAJDQwXmoLxssencvjBKYIexNE9oe6H+7cgwV2rGfVPJsY7UupeL/3nDVId3XkZFkmoQZDkoTJmtYzs/2w6oBKLZzBBMJDW72iTCEhNtwln5KZeN6GX5kAAUnYiVozIekQj4vGqic9eD2iS9q6Z707zuXDdaD0WIFXSGztElctEtaqFH1EZdRBCgF/SK3qx368P6tL6WpSWr6DlFK7C+fwHhwaIs</latexit>

1

<latexit sha1_base64="Uha0sFO+O9oArz6IkcAd9ysoeYk=">AAACHnicbVDLSsNAFJ3UR2t9tbp0EyyCq5KIqMuCIC5bsA9oQ5lMbpqhM5MwMxFK6Be41b1f407c6t84abOwrQcGDufcO/fe4yeMKu04P1Zpa3tnt1zZq+4fHB4d1+onPRWnkkCXxCyWAx8rYFRAV1PNYJBIwNxn0Pen97nffwapaCye9CwBj+OJoCElWBup445rDafpLGBvErcgDVSgPa5b5VEQk5SD0IRhpYauk2gvw1JTwmBeHaUKEkymeAJDQwXmoLxssencvjBKYIexNE9oe6H+7cgwV2rGfVPJsY7UupeL/3nDVId3XkZFkmoQZDkoTJmtYzs/2w6oBKLZzBBMJDW72iTCEhNtwln5KZeN6GX5kAAUnYiVozIekQj4vGqic9eD2iS9q6Z707zuXDdaD0WIFXSGztElctEtaqFH1EZdRBCgF/SK3qx368P6tL6WpSWr6DlFK7C+fwHhwaIs</latexit>

1

<latexit sha1_base64="xWIyZpOQz5mdlEGVWAkKQTpyDz0=">AAACIHicbVDLSsNAFJ34aq2vVpdugkVwVZNS1GVBEJcV7QPaUCaTm3bozCTMTIQS+glude/XuBOX+jVO2ixs64GBwzn3zr33+DGjSjvOt7WxubW9Uyjulvb2Dw6PypXjjooSSaBNIhbJno8VMCqgralm0IslYO4z6PqT28zvPoNUNBJPehqDx/FI0JASrI306F7Wh+WqU3PmsNeJm5MqytEaVqzCIIhIwkFowrBSfdeJtZdiqSlhMCsNEgUxJhM8gr6hAnNQXjrfdWafGyWww0iaJ7Q9V/92pJgrNeW+qeRYj9Wql4n/ef1EhzdeSkWcaBBkMShMmK0jOzvcDqgEotnUEEwkNbvaZIwlJtrEs/RTJhvRS7MhASg6EktHpXxMxsBnJROduxrUOunUa+5VrfHQqDbv8hCL6BSdoQvkomvURPeohdqIoBF6Qa/ozXq3PqxP62tRumHlPSdoCdbPL9QRoqE=</latexit>

1/2
<latexit sha1_base64="xWIyZpOQz5mdlEGVWAkKQTpyDz0=">AAACIHicbVDLSsNAFJ34aq2vVpdugkVwVZNS1GVBEJcV7QPaUCaTm3bozCTMTIQS+glude/XuBOX+jVO2ixs64GBwzn3zr33+DGjSjvOt7WxubW9Uyjulvb2Dw6PypXjjooSSaBNIhbJno8VMCqgralm0IslYO4z6PqT28zvPoNUNBJPehqDx/FI0JASrI306F7Wh+WqU3PmsNeJm5MqytEaVqzCIIhIwkFowrBSfdeJtZdiqSlhMCsNEgUxJhM8gr6hAnNQXjrfdWafGyWww0iaJ7Q9V/92pJgrNeW+qeRYj9Wql4n/ef1EhzdeSkWcaBBkMShMmK0jOzvcDqgEotnUEEwkNbvaZIwlJtrEs/RTJhvRS7MhASg6EktHpXxMxsBnJROduxrUOunUa+5VrfHQqDbv8hCL6BSdoQvkomvURPeohdqIoBF6Qa/ozXq3PqxP62tRumHlPSdoCdbPL9QRoqE=</latexit>

1/2
<latexit sha1_base64="iyrAYhkRHKYIAcKxlfY4/GSyoh4=">AAACIHicbVDLSsNAFJ3UR2t9tbp0EyyCq5pIUZcFQVxWtA9oQ5lMbtqhM5MwMxFK6Ce41b1f405c6tc4abOwrQcGDufcO/fe48eMKu0431ZhY3Nru1jaKe/u7R8cVqpHHRUlkkCbRCySPR8rYFRAW1PNoBdLwNxn0PUnt5nffQapaCSe9DQGj+ORoCElWBvp0b1oDCs1p+7MYa8TNyc1lKM1rFrFQRCRhIPQhGGl+q4Tay/FUlPCYFYeJApiTCZ4BH1DBeagvHS+68w+M0pgh5E0T2h7rv7tSDFXasp9U8mxHqtVLxP/8/qJDm+8lIo40SDIYlCYMFtHdna4HVAJRLOpIZhIana1yRhLTLSJZ+mnTDail2ZDAlB0JJaOSvmYjIHPyiY6dzWoddK5rLtX9cZDo9a8y0MsoRN0is6Ri65RE92jFmojgkboBb2iN+vd+rA+ra9FacHKe47REqyfX9eFoqM=</latexit>

1/4
<latexit sha1_base64="8EG6+8UCAVLlVABvGG/CaLlr0HU=">AAACIHicbVDLSsNAFJ34aq2vVpdugkVwVRMt6rIgiMuK9gFtKJPJTTt0ZhJmJkIJ/QS3uvdr3IlL/RonbRa29cDA4Zx75957/JhRpR3n21pb39jcKhS3Szu7e/sH5cphW0WJJNAiEYtk18cKGBXQ0lQz6MYSMPcZdPzxbeZ3nkEqGoknPYnB43goaEgJ1kZ6vDyvD8pVp+bMYK8SNydVlKM5qFiFfhCRhIPQhGGleq4Tay/FUlPCYFrqJwpiTMZ4CD1DBeagvHS269Q+NUpgh5E0T2h7pv7tSDFXasJ9U8mxHqllLxP/83qJDm+8lIo40SDIfFCYMFtHdna4HVAJRLOJIZhIana1yQhLTLSJZ+GnTDail2ZDAlB0KBaOSvmIjIBPSyY6dzmoVdK+qLlXtfpDvdq4y0MsomN0gs6Qi65RA92jJmohgoboBb2iN+vd+rA+ra956ZqV9xyhBVg/v9r9oqU=</latexit>

3/4
<latexit sha1_base64="eQdqMBl704N6meLVBv30WbEO2Nk=">AAACIHicbVDLSsNAFJ34aq2vVpdugkVwVRMt6rIgiMuK9gFtKJPJTTt0ZhJmJkIJ/QS3uvdr3IlL/RonbRa29cDA4Zx75957/JhRpR3n21pb39jcKhS3Szu7e/sH5cphW0WJJNAiEYtk18cKGBXQ0lQz6MYSMPcZdPzxbeZ3nkEqGoknPYnB43goaEgJ1kZ6dM8vB+WqU3NmsFeJm5MqytEcVKxCP4hIwkFowrBSPdeJtZdiqSlhMC31EwUxJmM8hJ6hAnNQXjrbdWqfGiWww0iaJ7Q9U/92pJgrNeG+qeRYj9Syl4n/eb1EhzdeSkWcaBBkPihMmK0jOzvcDqgEotnEEEwkNbvaZIQlJtrEs/BTJhvRS7MhASg6FAtHpXxERsCnJROduxzUKmlf1NyrWv2hXm3c5SEW0TE6QWfIRdeoge5RE7UQQUP0gl7Rm/VufVif1te8dM3Ke47QAqyfX9XLoqI=</latexit>

1/3
<latexit sha1_base64="rlFNLpolEX/+4Qie16pK0kNq0Es=">AAACIHicbVDLTgIxFO3gA8QX6NLNRGLiCmeQqEsSE+MSozwSmJBO5wINbWfSdkzIhE9wq3u/xp1xqV9jB2Yh4EmanJxzb++9x48YVdpxvq3cxubWdr6wU9zd2z84LJWP2iqMJYEWCVkouz5WwKiAlqaaQTeSgLnPoONPblO/8wxS0VA86WkEHscjQYeUYG2kx9rF5aBUcarOHPY6cTNSQRmag7KV7wchiTkITRhWquc6kfYSLDUlDGbFfqwgwmSCR9AzVGAOykvmu87sM6ME9jCU5gltz9W/HQnmSk25byo51mO16qXif14v1sMbL6EiijUIshg0jJmtQzs93A6oBKLZ1BBMJDW72mSMJSbaxLP0Uyob0UvSIQEoOhJLRyV8TMbAZ0UTnbsa1Dpp16ruVbX+UK807rIQC+gEnaJz5KJr1ED3qIlaiKARekGv6M16tz6sT+trUZqzsp5jtATr5xfXh6Kj</latexit>

2/3

<latexit sha1_base64="M7//HW5eLzpY7mrEF+p3GehAY+Y=">AAACIHicbZBNSwMxEIazfrXWr1aPXoJF8FR3pVa9FQTxWNF+QLuUbDptQ5PskmSFsvQneNW7v8abeNRfY7YtYqsDgZdnZjIzbxBxpo3rfjorq2vrG5nsZm5re2d3L1/Yb+gwVhTqNOShagVEA2cS6oYZDq1IAREBh2Ywuk7zzUdQmoXywYwj8AUZSNZnlBiL7r3TcjdfdEvuNLBbOne9q4qHf4g3F0U0j1q34GQ6vZDGAqShnGjd9tzI+AlRhlEOk1wn1hAROiIDaFspiQDtJ9NdJ/jYkh7uh8o+afCU/u5IiNB6LAJbKYgZ6uVcCv/LtWPTv/QTJqPYgKSzQf2YYxPi9HDcYwqo4WMrCFXM7orpkChCjbVn4acUW+gn6ZAeaDaQC0clYkiHICY5a523bNRf0TgreZVS+a5crN7MTcyiQ3SETpCHLlAV3aIaqiOKBugJPaMX59V5c96dj1npijPvOUAL4Xx9A/v9ork=</latexit>

1/4

<latexit sha1_base64="M7//HW5eLzpY7mrEF+p3GehAY+Y=">AAACIHicbZBNSwMxEIazfrXWr1aPXoJF8FR3pVa9FQTxWNF+QLuUbDptQ5PskmSFsvQneNW7v8abeNRfY7YtYqsDgZdnZjIzbxBxpo3rfjorq2vrG5nsZm5re2d3L1/Yb+gwVhTqNOShagVEA2cS6oYZDq1IAREBh2Ywuk7zzUdQmoXywYwj8AUZSNZnlBiL7r3TcjdfdEvuNLBbOne9q4qHf4g3F0U0j1q34GQ6vZDGAqShnGjd9tzI+AlRhlEOk1wn1hAROiIDaFspiQDtJ9NdJ/jYkh7uh8o+afCU/u5IiNB6LAJbKYgZ6uVcCv/LtWPTv/QTJqPYgKSzQf2YYxPi9HDcYwqo4WMrCFXM7orpkChCjbVn4acUW+gn6ZAeaDaQC0clYkiHICY5a523bNRf0TgreZVS+a5crN7MTcyiQ3SETpCHLlAV3aIaqiOKBugJPaMX59V5c96dj1npijPvOUAL4Xx9A/v9ork=</latexit>

1/4
<latexit sha1_base64="M7//HW5eLzpY7mrEF+p3GehAY+Y=">AAACIHicbZBNSwMxEIazfrXWr1aPXoJF8FR3pVa9FQTxWNF+QLuUbDptQ5PskmSFsvQneNW7v8abeNRfY7YtYqsDgZdnZjIzbxBxpo3rfjorq2vrG5nsZm5re2d3L1/Yb+gwVhTqNOShagVEA2cS6oYZDq1IAREBh2Ywuk7zzUdQmoXywYwj8AUZSNZnlBiL7r3TcjdfdEvuNLBbOne9q4qHf4g3F0U0j1q34GQ6vZDGAqShnGjd9tzI+AlRhlEOk1wn1hAROiIDaFspiQDtJ9NdJ/jYkh7uh8o+afCU/u5IiNB6LAJbKYgZ6uVcCv/LtWPTv/QTJqPYgKSzQf2YYxPi9HDcYwqo4WMrCFXM7orpkChCjbVn4acUW+gn6ZAeaDaQC0clYkiHICY5a523bNRf0TgreZVS+a5crN7MTcyiQ3SETpCHLlAV3aIaqiOKBugJPaMX59V5c96dj1npijPvOUAL4Xx9A/v9ork=</latexit>

1/4
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quantities of interest in the Friedkin-Johnsen model

▶ given the equilibrium expressed opinions z∗ and innate opinions s,

we can study more complex phenomena in the network

▶ we can quantify polarization, disagreement, etc.
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quantities of interest in the Friedkin-Johnsen model

sum of opinions S =
∑

i∈V z∗i

polarization index P =
∑

i∈V (z
∗
i − z̄)2

controversy index C =
∑

i∈V (z
∗
i )

2

internal-conflict index I =
∑

i∈V (z
∗
i − si )

2

disagreement index D =
∑

(i ,j)∈E wij(z
∗
i − z∗j )

2

polarization-disagreement index Ipd = P +D

sum of opinions: sums all user opinions — relevant for marketing campaigns
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quantities of interest in the Friedkin-Johnsen model

sum of opinions S =
∑

i∈V z∗i

polarization index P =
∑

i∈V (z
∗
i − z̄)2

controversy index C =
∑

i∈V (z
∗
i )

2

internal-conflict index I =
∑

i∈V (z
∗
i − si )

2

disagreement index D =
∑

(i ,j)∈E wij(z
∗
i − z∗j )

2

polarization-disagreement index Ipd = P +D

polarization: the variance of the opinions, where z̄ = 1
|V |

∑
i∈V z∗i is average opinion
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quantities of interest in the Friedkin-Johnsen model

sum of opinions S =
∑

i∈V z∗i

polarization index P =
∑

i∈V (z
∗
i − z̄)2

controversy index C =
∑

i∈V (z
∗
i )

2

internal-conflict index I =
∑

i∈V (z
∗
i − si )

2

disagreement index D =
∑

(i ,j)∈E wij(z
∗
i − z∗j )

2

polarization-disagreement index Ipd = P +D

controversy: measures extremity of opinions, can also be viewed as radicalization



81

quantities of interest in the Friedkin-Johnsen model

sum of opinions S =
∑

i∈V z∗i

polarization index P =
∑

i∈V (z
∗
i − z̄)2

controversy index C =
∑

i∈V (z
∗
i )

2

internal-conflict index I =
∑

i∈V (z
∗
i − si )

2

disagreement index D =
∑

(i ,j)∈E wij(z
∗
i − z∗j )

2

polarization-disagreement index Ipd = P +D

if z∗ is mean-centered, i.e., z̄ =
∑

i z
∗
i = 0, controversy C and polarization P are identical
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quantities of interest in the Friedkin-Johnsen model

sum of opinions S =
∑

i∈V z∗i

polarization index P =
∑

i∈V (z
∗
i − z̄)2

controversy index C =
∑

i∈V (z
∗
i )

2

internal-conflict index I =
∑

i∈V (z
∗
i − si )

2

disagreement index D =
∑

(i ,j)∈E wij(z
∗
i − z∗j )

2

polarization-disagreement index Ipd = P +D

internal conflict: measures tension between users’ innate and expressed opinions
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quantities of interest in the Friedkin-Johnsen model

sum of opinions S =
∑

i∈V z∗i

polarization index P =
∑

i∈V (z
∗
i − z̄)2

controversy index C =
∑

i∈V (z
∗
i )

2

internal-conflict index I =
∑

i∈V (z
∗
i − si )

2

disagreement index D =
∑

(i ,j)∈E wij(z
∗
i − z∗j )

2

polarization-disagreement index Ipd = P +D

disagreement: measures the tension between neighbors in the network;
sometimes called external conflict
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quantities of interest in the Friedkin-Johnsen model

sum of opinions S =
∑

i∈V z∗i

polarization index P =
∑

i∈V (z
∗
i − z̄)2

controversy index C =
∑

i∈V (z
∗
i )

2

internal-conflict index I =
∑

i∈V (z
∗
i − si )

2

disagreement index D =
∑

(i ,j)∈E wij(z
∗
i − z∗j )

2

polarization-disagreement index Ipd = P +D

polarization-disagreement: combination of polarization and disagreement, useful for analysis



85

quantities of interest in the Friedkin-Johnsen model

sum of opinions S =
∑

i∈V z∗i

polarization index P =
∑

i∈V (z
∗
i − z̄)2

controversy index C =
∑

i∈V (z
∗
i )

2

internal-conflict index I =
∑

i∈V (z
∗
i − si )

2

disagreement index D =
∑

(i ,j)∈E wij(z
∗
i − z∗j )

2

polarization-disagreement index Ipd = P +D

conservation law of conflict: I + 2D + C = s⊺s [Chen et al., 2018]
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quantities of interest in the Friedkin-Johnsen model

sum of opinions S =
∑

i∈V z∗i

= 1⊺z∗ = 1⊺(I + L)−1s

polarization index P =
∑

i∈V (z
∗
i − z̄)2

= s⊺(I + L)−1(I − 11⊺

n )(I + L)−1s

controversy index C =
∑

i∈V (z
∗
i )

2

= s⊺(I + L)−2s

internal-conflict index I =
∑

i∈V (z
∗
i − si )

2

= s⊺(I + L)−1L2(I + L)−1s

disagreement index D =
∑

(i ,j)∈E (z
∗
i − z∗j )

2

= s⊺(I + L)−1L(I + L)−1s

using z∗ = (I + L)−1s, we can express these measures as quadratic forms

where 1 is the
all-ones vectors, I is the identity matrix, L is the graph Laplacian,

s is the vector of innate opinions, and z̄ = 1
|V |

∑
i∈V z∗i

all these matrices are positive semidefinite
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quantities of interest in the Friedkin-Johnsen model

sum of opinions S =
∑

i∈V z∗i = 1⊺z∗ = 1⊺(I + L)−1s

polarization index P =
∑

i∈V (z
∗
i − z̄)2 = s⊺(I + L)−1(I − 11⊺

n )(I + L)−1s

controversy index C =
∑

i∈V (z
∗
i )

2 = s⊺(I + L)−2s

internal-conflict index I =
∑

i∈V (z
∗
i − si )

2 = s⊺(I + L)−1L2(I + L)−1s

disagreement index D =
∑

(i ,j)∈E (z
∗
i − z∗j )

2 = s⊺(I + L)−1L(I + L)−1s

where 1 is the all-ones vectors, I is the identity matrix, L is the graph Laplacian,

s is the vector of innate opinions, and z̄ = 1
|V |

∑
i∈V z∗i

all these matrices are positive semidefinite



88

quantities of interest in the Friedkin-Johnsen model

sum of opinions S =
∑

i∈V z∗i = 1⊺z∗ = 1⊺(I + L)−1s

polarization index P =
∑

i∈V (z
∗
i − z̄)2 = s⊺(I + L)−1(I − 11⊺

n )(I + L)−1s

controversy index C =
∑

i∈V (z
∗
i )

2 = s⊺(I + L)−2s

internal-conflict index I =
∑

i∈V (z
∗
i − si )

2 = s⊺(I + L)−1L2(I + L)−1s

disagreement index D =
∑

(i ,j)∈E (z
∗
i − z∗j )

2 = s⊺(I + L)−1L(I + L)−1s

where 1 is the all-ones vectors, I is the identity matrix, L is the graph Laplacian,

s is the vector of innate opinions, and z̄ = 1
|V |

∑
i∈V z∗i

all these matrices are positive semidefinite
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algorithmic interventions for moderating opinions
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interventions

▶ examples for interventions: a timeline algorithm changes the network structure, an
adversary makes people change their innate opinions, . . .

▶ formal way to study this: define an optimization problem, where:

– the objective function encodes the desired goal

– the constraints encode the “power” of the intervention

▶ example: a social network provider wants to minimize polarization and disagreement

by changing the network structure [Musco et al., 2018, Zhu et al., 2021]

▶ example: an adversary wants to maximize the disagreement and has the power to

change k user opinions [Chen and Racz, 2021, Gaitonde et al., 2020]
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interventions

▶ examples for interventions: a timeline algorithm changes the network structure, an
adversary makes people change their innate opinions, . . .

▶ formal way to study this: define an optimization problem, where:

– the objective function encodes the desired goal

– the constraints encode the “power” of the intervention

▶ example: a social network provider wants to minimize polarization and disagreement

by changing the network structure [Musco et al., 2018, Zhu et al., 2021]

▶ example: an adversary wants to maximize the disagreement and has the power to

change k user opinions [Chen and Racz, 2021, Gaitonde et al., 2020]
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interventions

▶ examples for interventions: a timeline algorithm changes the network structure, an
adversary makes people change their innate opinions, . . .

▶ formal way to study this: define an optimization problem, where:

– the objective function encodes the desired goal

– the constraints encode the “power” of the intervention

▶ example: a social network provider wants to minimize polarization and disagreement

by changing the network structure [Musco et al., 2018, Zhu et al., 2021]

▶ example: an adversary wants to maximize the disagreement and has the power to

change k user opinions [Chen and Racz, 2021, Gaitonde et al., 2020]
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interventions: literature overview

▶ what to optimize

– minimize price of anarchy [Bindel et al., 2015]

– reduce polarization and disagreement [Matakos et al., 2017, Musco et al., 2018]

– maximize sum of opinions [Gionis et al., 2013, Tu and Neumann, 2022]

– increase disagreement [Chen and Racz, 2021, Gaitonde et al., 2020]

▶ what properties to modify

– innate or expressed opinions [Gionis et al., 2013, Matakos et al., 2017]

– graph weights [Abebe et al., 2018]

– graph structure [Bindel et al., 2015, Musco et al., 2018]

[Zhu et al., 2021, Rácz and Rigobon, 2022]
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opinion maximization in social networks

▶ select k nodes to set their expressed opinion to z∗i = 1 so as [Gionis et al., 2013]

to maximize the sum of opinions

S =
∑
i∈V

z∗i

– motivation: lobbying for a cause or campaign

▶ Greedy gives (1− 1/e) approximation

▶ objective function is monotone and submodular

▶ technical observation: consider an absorbing random walk,

with absorbing states the nodes that correspond to the innate

opinions; then z∗i is can be interpreted as the expected value

at absorption, when starting a random walk in node i
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opinion maximization in social networks

▶ select k nodes to set their expressed opinion to z∗i = 1 so as [Gionis et al., 2013]

to maximize the sum of opinions

S =
∑
i∈V

z∗i

– motivation: lobbying for a cause or campaign

▶ Greedy gives (1− 1/e) approximation

▶ objective function is monotone and submodular

▶ technical observation: consider an absorbing random walk,

with absorbing states the nodes that correspond to the innate

opinions; then z∗i is can be interpreted as the expected value

at absorption, when starting a random walk in node i
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minimizing polarization and disagreement in social networks

▶ focus on minimizing the following indices: [Musco et al., 2018]

– polarization: P =
∑

i∈V (z
∗
i − z̄)2

– disagreement: D =
∑

(i ,j)∈E wij(z
∗
i − z∗j )

2

– polarization-disagreement: Ipd = P +D

▶ constraint: we can decrease the innate opinions within a given budget and ℓ1-distances,

i.e., ||s− s′||1 ≤ B and s′ ≤ s

▶ result: optimizing these indices is convex and can be solved in polynomial time

▶ what if we can change the graph topology with a fixed number of edges?

– minimizing Ipd is convex

– thus, it can be solved with standard-convex optimization methods

– when one of the terms P or C is weighted differently, problem is not convex
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analyzing the impact of filter bubbles on social network polarization

▶ study the interplay between users and a network administrator [Chitra and Musco, 2020]

▶ the dynamics proceed in iterations — in each iteration

– the users adjust their expressed opinions according to the FJ model

– the network administrator slightly adjusts the network to minimize

– disagreement D until convergence

▶ intuition: network administrators want less disagreement, as this implies “happier” users

▶ it is shown experimentally that polarization increases

▶ authors suggest this explains why recommender systems increase polarization and

introduce filter bubbles
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analyzing the impact of filter bubbles on social network polarization
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Figure 2: Applying network administrator dynamics to real-world social networks. Details in Section 3.

networks, it is interesting to observe that the Twitter network is
more resilient than the Reddit network. Surprisingly, for � < 0.7, de-
spite the objective of the network administrator, disagreement also
increased in the Reddit network. Overall, our experiments illustrate
the �lter bubble hypothesis [55] by showing that recommender
systems greatly increase opinion polarization in social networks.

4 FRAGILE CONSENSUS IN SOCIAL
NETWORK GRAPHS

Our results in Section 3 establish that polarization in Friedkin-
Johnsen opinion models can signi�cantly increase even when the
network administrator adjusts just a small amount of edge weight.

To better understand this empirical �nding, we present a theoret-
ical analysis of the sensitivity of social networks to outside in�uence.
In this work we are most interested in the e�ect of “�ltering” by
a network administrator, but our analysis can also be applied to
potential in�uence from advertisers [37, 45] or propaganda [17].
We want to understand how easily such outside in�uence can a�ect
the polarization of a network.

4.1 The Stochastic Block Model
We consider a common generative model for networks that can
lead to polarization: the stochastic block model (SBM) [41].
De�nition 4.1 (Stochastic Block Model (SBM)). The stochastic
block model is a random graph model parametrized by n > 0 and
p,q 2 [0, 1]. The model generates a graphG with 2n vertices, where
the vertex set of G, is partitioned into two sets or “communities”,
S = {�1, . . . ,�n } and T = {�n+1, . . . ,�2n }. Edges are generated as
follows. For all �i ,�j 2 V :

• If �i ,�j 2 S or �i ,�j 2 T , set wi j = 1 with probability p, and
wi j = 0 otherwise.

• If �i 2 S,�j 2 T or �i 2 T ,�j 2 S , set wi j = 1 with probabil-
ity q, and wi j = 0 otherwise.

Also known as "planted partition model", the stochastic block
model has as long history of study in statistics, machine learning,
theoretical computer science, statistical physics, and a number of
other areas. It has been used to study social dynamics, suggesting
it as a natural choice for analyzing the dynamics of polarization
[9, 49]. We refer the reader to the survey in [1] for a complete
discussion of applications and prior theoretical work on the model.

There are many possible variations on De�nition 4.1. For ex-
ample, S and T may di�er in size or V may be partitioned into

more than two communities. Our speci�c setup is both simple and
well-suited to studying the dynamics of opinions with two poles.

4.2 Opinion Dynamics in the SBM
As in most work on the SBM, we consider the natural setting where
q < p, i.e. the probability of two nodes being connected is higher
when the nodes are in the same community, and lower when they
are in di�erent communities. This setting results in a graphG which
is “partitioned”:G looks like two identically distributed Erdős-Rényi
random graphs, connected by a small number of random edges.

We assume nodes in S have innate opinions clustered near �1
(one end of the opinion spectrum), and nodes inT have innate opin-
ions clustered near 1, i.e., nodes with similar innate opinions are
more likely to be connected. This property, known as "homophily",
is commonly observed in real social networks [23]. Homophily
arises because innate opinions are often correlated with demograph-
ics like age, geographic location, and education level—demographics
which also in�uence the probability that two nodes are connected.

With the SBM chosen as a model for graphs which resemble
real-world social networks, our main question in this section is:

How sensitive is the equilibrium polarization of a Friedkin-
Johnsen opinion dynamics to changes in the underlying social
network graph G, when G is generated from a SBM?

To answer this question, we analyze how the equilibrium polar-
ization of SBM networks depends on parameters p and q. We show
that polarization of the equilibrium opinions decreases quadrati-
cally with q, which means that even networks with very few edges
between S and T have low polarization.

Formally, let A 2 R2n⇥2n , D = diag(rowsum(A)), and L = D �A,
be the adjacency matrix, diagonal degree matrix, and Laplacian,
respectively, of a graph G drawn from the stochastic block model.
For simplicity, assume the FJ dynamics with s set to completely
polarized opinions, which perfectly correlate with a node�i ’s mem-
bership in either S = {�1, . . .�n } or T = {�n+1 . . .�2n }:

si =

(
1 for i 2 1, . . . ,n
�1 for i 2 n + 1, . . . , 2n

(12)

Our main result is below.

T������ 4.1 (F������ ��������� �� SBM ��������). Let G be
a graph generated by the SBM with 1/n  q  p and p > c log4 n/n
for some universal constant c . Let s be the innate opinion vector
de�ned in Equation (12), and let v⇤ be the equilibrium opinion vector

[Chitra and Musco, 2020]
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conclusion, limitations, reflections
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summary

▶ opinion formation in social networks is an active area of research

– work both in mathematical modeling and computational social science

▶ we reviewed common opinion-formation models

– DeGroot and Friedkin-Johnsen models, other opinion formation models

– discussed properties of the models and measures of interest

▶ discussed how polarization may emerge from these models

– e.g., emergence of echo chambers

▶ reviewed interventions for moderating opinions

▶ no discussion on misinformation and disinformation
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challenges, limitations

▶ validation of the mathematical models is very challenging

– models are often too simplistic, e.g., opinions in [0,1], opinions are updated by

– a simple weighted-averaging operation

– lack of complete and unbiased data

– often access data to a single social-media platform, e.g., twitter

– data is biased: representativeness, US politics, impact of bots

– models involve parameters that are difficult to estimate in practice

▶ models use mostly network structure, and ignore language analysis

– this makes them language-independent, but incorporating language can help greatly
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ethical issues on interventions

a common intervention action is to aim to reduce polarization, or increase diversity,

by making judicious recommendations

Q: is it ethical to tamper with users’ feed?

Q: can such methods facilitate manipulation?

A: UI, user control, and transparency needs to be addressed separately

A: content prioritization and recommendation algorithms are already in place, and they

– are mainly aiming at increasing engangemnnt and monetization

– are not transparent

– are not offering control to the users

– do not have built-in ethical specifications
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